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We presenta mathematical link betweenSchelling's socio-economicmodel of

segregationand the physicsof clustering. Wereplacethe economicconceptof

“utility” by thephysicsconceptof a particle' s internal energy. Asa result,clus-

ter dynamicsis dri venby the “surface tension” force.The resultantsegregated

areascan be very largeand can behave lik e spherical “liquid” droplets or as

a collection of static clustersin “fr ozen” form. This model will hopefully pro-

vide a useful framework for studying many spatial economicphenomenathat

involve individuals making location choicesasa function of the characteristics

and choicesof their neighbors.

At the endof the 60's Tom Schelling,(for a summarysee[1, 2]), introduceda modelof

segregation in which individuals, living on a lattice, chosewhereto live on the basisof the

color of their neighbors.He showed thateven if peopleonly have a very mild preferencefor

living with neighborsof their own color, asthey move to satisfythesepreferences,complete
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segregationwill occur. This resultis consideredsurprisingandhasgenerateda largeliterature.

The structureof the segregatedareasis known to be relatedto the free spaceavailableand

the exact speci�cation of the rules that govern how individualsmove. However, no general

analyticalframework whichencompassesall thevariantsof themodelhasyetbeenproposed.

Theoriginal modelwasvery simple. Take a largechessboard,andplacea certainnumber

of blackandwhitecountersontheboard,leaving somefreeplaces.A counterprefersto beona

squarewherehalf or moreof thecountersin hisMooreneighborhood(his8 nearestneighbors)

areof its own color (utility 1) to theoppositesituation(utility 0). Fromthecounterswith utility

zero,oneis chosenat randomandmovesto a preferredlocation.This model,whensimulated,

yields completesegregationeven thoughpeople's preferencesfor beingwith their own color

arenotstrong.

We show that somesimplephysicaltheorycanexplain the segregationphenomenawhich

havebeenobservedin thenumerousvariantsonSchelling'soriginalmodel.Thevariantsinvolve

modifyingtheformof theutility functionusedby Schelling,thesizeof neighborhoods,therules

for moving,andtheamountof unoccupiedspace,(see[3] for asurvey). Oneattemptto provide

aformalstructurehasbeenmadeby [4]. They however, examinethelimit of aLaplacianprocess

in which individuals' preferencesarestrictly increasingin thenumberof likeneighbors.In this

situationit is intuitively clearthat thereis a strongtendency to segregation. Yet, Schelling's

resulthasbecomefamouspreciselybecausethepreferencesof individualsfor segregationwere

not particularlystrong. Another relatedapproachis that of [5] who studiesthe evolution of

clustersandstripsin a two dimensionalcellularautomaton.

TheSchellingresultis of interestto economistsbecauseit illustratestheemergenceof an

aggregatephenomenonwhich is notdirectly foreseenfrom theindividualbehavior andbecause

it concernsan importanteconomicproblem,that of segregation. Our analysisexhibits three

featuresof theresultantsegregation. The �rst is theorganizationof thesysteminto “regions”
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or clusters,eachcontainingindividualsof only onecolor andthenatureof theseclusters.We

explain theshapeof thefrontier betweentheregions. Thesecondfeatureis the importanceof

thenumberof emptyspacesin determiningthe�nal clustercon�guration. We explain therole

of thefreespaceandhow it windsup asa “no-man's land” betweenclusters.Thethird aspect

concernstheruleswhich governthemovementof individuals. For example,we candecideto

moveagentsonly to emptyspacesor wecanallow agentsto swapplaces,or wecanallow only

local movementasopposedto movementover any distance.We explain how andwhy these

rulesmatter.

The Schellingmodel is basedon the standardideain economicsthat an individual agent

makesdecisionsbasedon his preferencesor utility function. This ideacanbe interpretedin

physicaltermsassayingthat decisionsaredriven by changesin the internalenergy. Indeed

therehasbeenalongdebatein economicsovertheuseof thisanalogy[6]. In our interpretation,

the agent's satisfactionis equivalentto the energy storedin him. An increasein happinessis

a decreasein the internalenergy. An agent,therefore,wantsto minimizehis energy which is

generatedeitherby taking someactionor throughthe interactionwith his environment. The

Schellingmodelassumesthattheagent'sutility dependson herlocal environmentandthatshe

movesif theutility fallsbelow acertainthreshold.

A physical model: Giventhis interpretationwe cannow switchcompletelyto thephysics

analogyby treatingagentsasphysicalparticles.In theSchellingmodelutility dependson the

numberof like andunlike neighbors.In the particleanaloguethe internalenergy dependson

the local concentration(numberdensity)of like or unlike particles.This analogueis a typical

modeldescriptionof microphysicalinteractionsin dynamicalphysicalsystemsof gases,liquids,

solids,colloids,solutions,etc.Interactionsbetweenparticlesaregovernedbypotentialenergies,

which resultin inter-particleforcesdriving particles'dynamics.

Thegoalof suchmodelsis to studythecollective behavior of a largenumberof particles.
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In the Schellingmodel the numberof particlesis conserved and the total volume in which

they move is constant(that is, theunderlyinggrid is �x ed). Sinceparticlesdo not gainor lose

energy dueto themovementitself, thepressurecanbeconsideredasconstant.Thesystemis

not closed,however, becausetheenergy lost by a particleis not transferredto otherparticles,

but transmittedoutof thesystem.Similarly, aparticlecangainenergy from outsidethesystem

whenanunlike particlemovesinto theneighborhoodandlowerstheparticle's utility. Hence,

thesystemchangesits energy only by emittingor absorbingradiationandnot by changingits

volumeor pressureor numberof particles.

Thebasictendency of sucha physicalsystemis to minimize its total energy. Here,it can

only achievethisgoalby arrangingparticlesinto structures(clusters)thatreducetheindividual

internal energy of asmany particlesaspossible. In otherwords, interparticleforcesinduce

particlesto clusterandthe formationandstability of a clusteris determinedby theseforces.

Clearly, the only particleswhoseenergy may changeare thoseon the surfaceof a cluster.

Hence,all we needto do is to look at the behaviorof this force on the surfaceof a cluster

to seeif thesurfacewill bestableor if it will undergodeformationsandripping.

A preparatorystepfor the analysisof interparticleforcesis to transformthe discretized

latticeof theSchellingmodelinto a continuousmedium. We replacethearea� A of a lattice

cell with a differentialareadA. In thediscretecase,this areais populatedwith only oneagent

or it is empty, but in generaltermsit is � N numberof agents.In the continuousmodelthis

translatesinto dN, which thengivesthenumberdensityof particlesn(~r ) = dN=dA at a point

~r . The Schellingmodeldoesnot allow for morethanoneparticleat a latticecell, hencen is

constantacrossacluster.

Next we transformthe utility function from countingthe individuals in a neighborhood

aroundan agentinto themeasurementof the total solid angle� coveredby differentparticles

arounda differentialareadA (Figure1). Utility is replacedwith energy � (� ), with high utility
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correspondingto low energy andvice versa. We, thus,have the total energy dE = n� (� )dA

storedin dA or energy per unit areadE=dA = n� (� ). Sincewe areinterestedin the cluster

surface,we take a differential length dL of the surfaceand write its energy per unit length

asd� = n� (� )dL. The total surfaceenergy of a clusteris an integral of d� over the whole

clustersurface. A cluster's dynamicsis driven by its trying to minimize this surfaceenergy.

In physics,� is usuallycalledsurfacetension. Notice that d� dependson the local surface

curvaturebecausewe choosedL smallenoughto bea contactpoint of only two clusters(case

d in Figure1).

If we takea localgradientalongdL thenweendup with thetensionforce

~F (~r ) = � L̂ � ~r ~r �( ~r ); = � n� (� (~r )) L̂; (1)

whereL̂ is a unit vectoralongdL. Thesameforce,but in theoppositedirectioncanbederived

for � L̂ . Theequationshowsthatspecifyingtheutility functionamountstospecifyingthesurface

tensionforceof a cluster, wheretheforceis a functionof thelocalcurvature� (~r ). Wecanthen

predictthe behavior of a cluster, and,asa result,that of thewhole system,for a givenutility

function. Schelling's modelis, therefore, a �nite differenceversion of a differential equation

describinginterparticleforces.

Cluster formation: The basicutility function in the Schellingmodel is the stepfunction

shown in Figure1. The energy is eithera constant� 0 for � > 180� or zero for � � 180� .

From equation1 it follows that any convex clustersurfaceexperiencesthe tangentialforce

F = n� 0 which tendsto �atten thesurface(Figure2). Sincetheutility functiondependsonly

on neighborsandignoresemptyspaces(emptyspaceyields � = 0, hence~F = 0), a boundary

layerof emptyspacestabilizesa clusterby preventingit from having directcontactwith other

clusters.The outcomeof this surfacereshapingis clusterswith �at surfaces,exceptfor parts

adjacentto aboundarylayerof emptyspace.

5



Theclusterdynamicsresultingfromequation1havebeenextensivelyexploredin theoretical

andexperimentalphysics(seethediscussionabout“Relatedphysicalphenomena”below). A

detailedquantitative description(clustersizedistribution, timescaleof clustergrowth, etc.) is

beyondthescopeof thispaper, while thequalitativedescriptiongoesasfollows.

Whenclustersstartto grow they competefor particles. Initially, small clustersarekineti-

cally favoredbecausethey areeasyto form. If thesystemdoesnot reachits energy minimum

after this initial clusteringthen biggerclustersstart to grow by taking particlesfrom, or by

merging with, smallerclusters.Particleson theclustersurfacerisk having low utility andthus,

areenergetically lessfavored. This meansthat biggerclustersnow becomeenergetically fa-

voredbecauseof their smallersurfaceto volumeratio. Eventually, oneclustergrows bigger

thantheothersandgrows until it collectsall availableparticles.Smallerclusterscanonly ex-

ist if they “freeze” their particles,preventingthemfrom “evaporating”andtraveling to thebig

cluster. Two thingscanhappenwith big clusters.Either, clusterstouchthesystemboundaries

andthewholesystembecomessegregatedinto two distinctclustersseparatedby a �at surface,

or alternatively, a singlesphericalclusterformsaway from theboundariessinceparticleshave

thesameprobabilityof reachingthecluster'ssurfacefrom any direction.

Rules governing particle movement: The exact behavior of the systemand its clusters

dependsnot only on thechoiceof theutility function,but alsoon therulesgoverningparticle

movement. Theserulesdictatethe rateof evolution, while equation1 dictatesthe �nal con-

�guration that the systemtendsto reach. In particular, the most importantrule is that which

determineswhetheraparticlemovesonly whenthemovedecreasesits energy or whetherit can

moveevenwhenits energy remainsconstant.Theformerrule leadsto theformationof a solid

material,wherethe wholesystemfreezesafterall particlesreachtheir minimumpossibleen-

ergy or staystrandedathigherenergieswhenthereis noavailablelocationthatwoulddecrease

their energy. The latter rule correspondsto a liquid systemwhereall particlesmove all the
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time. In theeconomiccontext this rule correspondsto thecasewhereindividualsmaychange

locationsfor reasonsexogenousto themodelprovidedthenew locationis not worsein terms

of the simpleutility function. In the physicscontext theserulesareequivalentto the particle

mobility, wheresolidsandglasseshave very little or no particlemobility, while liquids have a

limited particlemobility.

Another importantrule determineshow far a particlecanmove. Onerule could allow a

particleto move to theclosestacceptablelocation. Anothercouldallow particlesto randomly

choosebetweenall acceptablelocationsregardlessof their distance.Economicallythedistinc-

tion betweenthetwo would correspondto thecostof moving. In thephysicalcontext thetwo

rulescorrespondto slow andfastdiffusionrates,respectively. Similarly, if weallow particlesto

swapplaces,that is, move evento non-emptylocations,thentherearetwo cases.If only short

jumpsareallowed,thenweslow down theevolutionof thewholesystembecauseparticleswill

movemostlyto their �rst neighbors.If jumpsto any distanceareallowedtheoppositehappens

andthediffusionratebecomeshighandthewholesystemwill evolveveryquickly.

Boundary conditions: Whenthesystemevolvesinto a few big clustersthenits boundary

conditionsbecomeimportant. In thecaseof non-periodicboundariesthe latterareequivalent

to emptyspaceandclusterswill tendto stayin contactwith the system's boundaryedges.If

theboundariesareperiodic,like thesurfaceof a torus,thenthesystemis in�nite. A clustercan

eventuallyseeonly its mirror clusterdueto periodicity. If a clustertouchesits imageit forms

anin�nite strip. If they donot touchthenaclusterhasto becomespherical.

Herewe show somerepresentative casesof theSchellingmodelbasedon theabove men-

tionedrules.Theutility functionis describedasa stepfunction

utilit y =
�

1 if theproportionof unlikeneighbors� x,
0 if theproportionof unlikeneighbors> x.

(2)

Sincethesmalleststepin thefractionof unlikeneighborsonarectangulargridsis 1/8,weshow
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exampleswith x = 3=8, x = 1=2 andx = 5=8. In addition,we look at therole of emptyspace

by changingthenumberof emptycells.

Figure3 shows the �nal resultsof the Schellingmodelon a 100x100grid, with the same

numberof redandblueagents.They areallowedto moveonly to thenearestemptyspacewhich

would increasetheirutility. Noticehow the�nal clustersizesarebiggerfor smallerx becausea

smallerx meansalsoa smallertoleranceof agentsto diversity. Also, theclustersizeincreases

if thenumberof emptyspacesis reduced,sinceemptyspaceprovidesboundarylayerswhich

stabilizeclusters.

If we let agentsmove whentheir utility remainsconstantthenthe systembehaves like a

liquid. Initially the systemquickly developssmall clusters,but thena slow evolution toward

largerclustersfollows. Figure4 shows this evolution aftermillions of stepson a non-periodic

grid. As we predictedabove,thesystemevolvestowardonebig clusteror very few clusters.In

thecaseof x = 1=2 theclustersurfacetendsto form �at surfacesaspredictedby thesurface

tensionforcesin Figure2. In x 6= 1=2 casesthe surfaceis bumpy andirregular, with empty

spaceproviding a boundarylayer when needed. Figure 5 shows the evolution of x = 1=2

systemwhenthe grid is periodic. Now the systemevolveseither into a sphereor an in�nite

strip, following thesurfacedynamicsdescribedin Figure2. If agentsareallowedto swapwith

otheragentsthebehavior of thesystemis modi�ed asillustratedin Figure6. Whenonly local

swapsarepermittedthe systemmovesvery slowly to large clusters. If agentsareallowed to

moveanywhere,however, thesystemsegregatesvery rapidly.

Related physical phenomena: Segregationof particlesis a commonandwidely studied

naturalphenomenon.Theclusteringbehavior displayedby theSchellingmodelhasanalogues

in physics. Herewe list only a few illustrative examples,sincea detailedreview of the vast

literaturein physicsonthesesubjectsisbeyondthescopeof thiswork. A typicalinitial setupfor

theSchellingmodelinvolvesrandomizedpositionsof particlesin thesystem.This is equivalent
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to, for example,violently shakingamixtureof oil andwaterto form anemulsion.After thatwe

let thesystemevolveandreachits equilibriumcondition.Dif ferenttypesof utility functionswill

have differentequivalentphysicalsystems.Thesewill have differentunderlyinginterparticle

forces.Thesedifferenceswill generatevariationsin the�nal clustershapesattained.Theseare,

in general,eithercompletelyirregular (amorphous)or well structured.Glassis anexampleof

theformerandcrystalsor liquid dropletsof thelatter.

Crystalgrowth is an examplewherea big clustercangrow by taking over individual par-

ticlesfrom smallerclusters.This phenomenonis known as“Ostwald ripening”. Alternatively,

a big clustercangrow by directly incorporatingsmallerclusters.This phenomenonis called

“Smoluchowski ripening”. Reshapingof the surfacedueto surfacetensionis known as“sur-

face(or edge)diffusion”. All thesephenomenaarewell known in thephysicsof metalsurfaces.

Therethe evolution of fewer but larger nano-structuresout of many smallernano-structures,

a phenomenongenerallyknown as“coarsening”,is actively studied(e.g. [7, 8, 9, 10]). The

Schellingmodelis, therefore,just a discretizedmodelof suchphysicalphenomena.Physical

modelssimulatingatomor clusteraggregationcloselyresembletheSchellingmodel[11]. Ex-

tensionsof theSchellingmodelto includemorethanthe�rst neighborsin thede�nition of the

utility function[12] correspondto medium-or long-rangeinteractionsbetweenparticles,which

canresult in gas-like equilibrium lacking segregationpatterns.The physicsof colloids is an-

otherphysicalanaloguewhich closelyresemblestheSchellingmodel,with theoreticalmodels

anddirect observationsshowing clusterformation[13, 14, 15]. Notice, however that despite

somesimilaritiesin clustering,theSchellingmodelis differentfrom the Ising model[16] be-

causeit doesnot changethecolor of particles.We areinterestedin theclusteringof particles

by their typeandnotby their internalenergy, which is thepropertyof theIsingmodel.

Conclusion: We proposea simplephysicalanalogyto theSchellingmodelof segregation.

This allows to show how thevariousingredientsof themodelsuchastherulesfor moving, the
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utility functionsof individualsandtheamountof vacantspacecanin�uence thespatialsegre-

gationpatternsthatcanoccur. Thebasicmodel,which is well known in thephysicsliterature,

providesa goodanalyticalframework for studyingthe basicSchellingmodelandall its vari-

ants.It shows clearlyhow theenergy of individualswho areon thefrontierof their own group

drivethetendency to cluster, while therulesgoverningmobility determinethepreciseform that

the segregatedclusterswill take. The modelcould be usedto studymoregeneralsituations

in which segregationoccurs. For example,it would be interestingto analyzecasesin which

incomealsoplaysapartin segregation[17], andto examineempiricalregularitiessuchasthose

foundby [18] for theevolutionof segregationin Chicago.
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Figure 1: Transition fr om a �nite differ encemodel into a continuous model. The Schellingmodel (left
panel)canbeconsideredasa�nite differenceversionof amoregeneralcontinuousmodel(right panel).Insteadof
countingneighboringindividualgrid cells,wecanuseangularcoveragearoundapointwhereoneneighboringgrid
cell onarectangulargrid correspondsto 45� angularcoverage.In thiswaythecell con�guration(a) is transformed
into (c) and(b) into (d). White representsemptyspace.Utility is the mirror of energy: high utility meanslow
energy andvice versa. Energy is a function of the anglecoveredby unlike neighbors,while utility dependson
thenumber, or proportion,of unlikeneighboringcells.Now we havea completedescriptionof thetransformation
from theSchellingmodelinto its physicsanalogue.
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Figure2: Forcesin a continuousversion of the Schellingmodel. Theevolution of clusterscanbe analyzed
by consideringthe forceson thesurfaceof a cluster, wherethe utility functionde�nes thesurfacetensionforce
(equation1). a showsforcesonin�nitesimally smallsectionsdL of thesurfacewhenx = 0:5 in theutility function
from equation2. Vectorcolorscorrespondto thecolor of theclusterexperiencingtheseforces.b, c andd show
a sequencein surfaceevolution. The forceshave a tendency to �atten the surface(b! d), but this processwill
go throughan intermediatephase(solid arrows), wherethesurface�attens �rst locally (b! c! d), if agentsare
allowedto move only to theclosestavailablelocation. Theevolution is faster(hollow arrow) if agentscanmove
any distancebecausethenthey canimmediatelyparticipatein �attening of thewholecluster. Emptyspace(white
regionsin the�gure) canform a boundarylayerwherethesurfacecanmaintainits irregularshape.
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Figure 3: The Schelling model forming a solid structur e. This �gure is a mosaicof resultsbasedon the
Schellingmodelwhenagentsareallowedto moveonly if their utility strictly increases(thatis, energy decreases).
This restrictionbringsthewholesystemto halt afterall agentsreachtheir maximumutility. In thecontext of the
physicalanalogue,we cansaythat thesystemis “frozen” into a solid. Theutility is given in equation2 andthe
�gure shows resultsfor threevaluesof x: 0.375=3/8,0.5=1/2,and0.625=6/8.Thegrid sizeis 100� 100andthe
numberof blue andred agentsis thesame.The numberof emptycells is indicatedin the �gure. Arrows show
directionsof increasedclustering.Sincea smallerx meansa strongerpreferencefor neighborsof thesamekind,
clusteringincreasesasthe valueof x decreases.On the otherhand,emptyspaceprovidesboundarylayersthat
canstabilizeclusters.Hence,lessemptyspacemeanslargerclustersbecauseof their smallersurfaceto volume
ratio. Notice,however, that themodelwith smallx anda smallnumberof emptyspaces(x = 0:375, 200empty
cells)doesnot follow thesetrendsandremainspoorly clustered.This exceptionoccursbecausemany agentsare
strandedwith low utility, but withoutany emptyspaceto whichthey couldmoveandincreasetheirutility. Periodic
boundariesanddistanceof movementalloweddonot in�uence theclusteringbehavior of thesemodels.
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Figure4: The Schellingmodel asa liquid on a non-periodic grid. TheSchellingmodelon a 100� 100grid,
with thesamenumberof redandblueagents.Agentsmoveevenif theirutility remainsthesame,whichmakesthe
modelanalogousto simulatinga liquid. Utility is givenby equation2 with thevaluesof x indicatedin the�gure.
Domainboundariesarenon-periodic. We show the evolution of this model for 200 and2000emptycells. An
increasein thevolumeof emptyspaceresultsin moreirregularclustershapesandslowerevolutionbecauseempty
spacebehaveslikeaboundarylayer(�gure 2). In caseswith x 6= 0:5 clusterscannot form asmoothsurface,while
x = 0:5 leadsto �at surfacesaspredictedin �gure 2. SupportinginformationMovies1-2 show theevolution of
clusterswith x = 0:5.

Figure5: The Schelling model as a liquid on a periodic grid. The sameasx = 0:5 in Figure4 with 2000
emptycells,exceptthat the domainboundariesareperiodic. Now the systemcanevolve into only two typesof
clusters:spherical,whentheclusterdoesnot enterinto contactwith anothercluster, or anin�nite strip, whenthe
clusterandits mirror clustermerge.In examplea movementsarelimited to theclosestappropriateemptylocation.
Theclusterevolution followscloselythepredictionfrom �gure 2. b andc show exampleswhereagentscanmove
any distanceto form eithera wobbling droplet (b) or a strip (c). SupportinginformationMovies 3-4 show the
evolutionof theseclusters.
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Figure6: The Schellingmodel when swappingof agentsis allowed. In this �gure we explorewhathappens
whenagentscanswapplaces,thatis, whenemptyspaceis not requiredfor moving. Thegrid sizeis 100� 100and
non-periodic.Thenumberof blueandredagentsis 4000,with x = 0:5 for theutility from equation2. We allow
any movementthatdoesnot incur a lossin utility (a physicalmodelof liquid). a showsamodelwhenonly jumps
to thenearestacceptablelocationareallowed.Becauseswappingis allowed,mostmovementsarenow to the�rst
neighboringcells.Hence,agentsdiffuseveryslowly from onepartof thedomaininto anotherandtheevolutionof
thewholesystemis very slow. Theoppositehappenswhenagentscanjump to any location,asshown in b. The
diffusionof agentsis greatlyincreasedbecauseemptylocationsarenot requiredfor movementany more.Agents
havea largenumberof locationsto choosefrom and,therefore,thewholesystemevolvesveryquickly.
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SupportingInformation

Animation 1: (animatedGIF)

Evolution of theSchellingmodelfor x = 0:5 (equation2), 4000redand4000blueagentsand

2000emptycellsona100� 100non-periodicgrid whenagentsareallowedto moveevenif they

do not strictly improve their utility (see�gure 4). This animationshows thecasewhenagents

have to move to the closestacceptablecell. Eachanimationframeis 1 million stepsandthe

total durationis 50million steps(50 frames).

http://vinkovic.org/Projects/Schelling/PNAS/animation1.gif

Animation 2: (animatedGIF)

ThesameasAnimation1, exceptthatagentsareallowedto moveany distance

http://vinkovic.org/Projects/Schelling/PNAS/animation2.gif

Animation 3: (animatedGIF)

The sameasAnimation 1, exceptthat the grid boundariesareperiodic(see�gure 5) andthe

animationis 173millions stepslong

http://vinkovic.org/Projects/Schelling/PNAS/animation3.gif

Animation 4: (animatedGIF)

ThesameasAnimation2, exceptthatthegrid boundariesareperiodic(see�gure 5)

http://vinkovic.org/Projects/Schelling/PNAS/animation4.gif
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